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1 Overview of the Field

General Relativity is one of the fundamental theories of eraghysics. Since its formulation by Einstein
in 1915, it has been a cornerstone of our understanding afritverse. Mathematical research on the prob-
lems of general relativity brings together many importaiea of research in partial differential equations,
differential geometry, dynamical systems and analysi& flndamental mathematical questions which arise
in general relativity have stimulated the development tksantial new tools in analysis and geometry. Con-
versely, the introduction of modern tools from these fieldgehrecently led to significant developments in
general relativity, shedding new light on a number of deepfanreaching conjectures.

The area of interaction between the analysis of the LorantEinstein equation, the field equation of
general relativity, and other geometric partial diffefahéquations is large. Important classes of hyperbolic
equations such as the wave maps equation and the Yang-Miistien are connected with the Einstein
equation at a fundamental level, and harmonic analysis adsthised in the study of those equations are
being applied to the Einstein equation. Fluids as well astiirmodels such as the Vlasov equation appear
as matter models.

The Einstein equation shares issues of convergence, selp stability with important geometric evo-
lution equations such as the Ricci flow and the mean curvéimwe Asymptotic behavior at singularities as
well as questions related to asymptotic geometrizatiomaneg intensely studied in the case of the Einstein
equation as well as in the cases of the Ricci and the meantoveviows. There is the potential for continued
cross fertilization between these fields. Elliptic probtesnd techniques arise in studying the initial data sets
in the context of the Cauchy problem.

The analysis of the Riemannian Einstein equation plays ddomental role in modern Riemannian ge-
ometry and geometric analysis. Recent developments inr@eRelativity have brought many ideas and
techniques which have been developed in the Riemanniaextaotbear on the Lorentzian Einstein equa-
tions. An example of this type of development is the realirathat apparent horizons, which are relevant
for our understanding of quasilocal aspects of black hdldse many properties in common with minimal
surfaces. Many recent results in this area have been ilsipingart by this connection. Other areas of ge-
ometry which have played a significant role in general reiigtin recent years include the geometrization
of three-manifolds; convergence and collapsing phenorreRéemannian manifolds with bounds on their
curvatures, the study of manifolds admitting metrics ofias scalar curvature, and curvature flows for
hypersurfaces.



2 Recent Developments and Open Problems

One of the fundamental mathematical results in relatistyhie establishment of the global nonlinear sta-
bility of Minkowski space due to Christadoulou and Klainemm Important recent work by Lindblad and
Rodnianski has provided an alternative treatment of thise 6f the most outstanding problems in the field
concerns the analogous question for black hole spacetimaesely the nonlinear stability of the Kerr black
holes. While this problem is unlikely to be resolved in thamtiture a number of recent results are relevant
to it and will likely be part of the ultimate resolution. Thiscludes the analysis of the interior of black
holes for certain spherically symmetric non-vacuum sparet due to Dafermos; and the analysis of the
decay for solutions of the wave equation and Price Law ded#hyimblack hole spacetimes due to Dafer-
mos and Rodnianski. Stability results have also been riyoestiblished fof/ (1)-symmetric spacetimes by
Choquet-Bruhat and for certain hyperbolic models by Anstemsand Moncrief.

Intimately related to these questions are the Cosmic CehgoConjectures due to Penrose, which relate
to the presence of naked singularities and the fundamesstat iof determinism for the physical model posed
by the Einstein field equations. The recent verification & 8trong Cosmic Censorship for the Gowdy
spacetimes by Ringstrom represents a significant posést in this area.

Christodoulou has proved that a concentration of radiatemmlead to the formation of closed trapped
surfaces in vacuum, in particular assuming the standardk weamic censorship schenario this leads to
formation of black holes arising solely from the focusingsofficiently strong incoming gravitational waves.
This result and the so-called short-pulse method it reliesam be expected to lead to important advances and
there is already related work by Klainerman and Rodnianskii@ll as others. This work complements the
earlier work of Schoen and Yau, and others on the formatidsiafk holes due to concentration of matter.
There remain important open problems in this direction.

Other important recent advances concerning the Cauchyemotor the Einstein equations have come
from Klainerman-Rodnianski and Szeftel on well-posedmeskextention criteria for the vacuum equations
and from Planchon-Rodnianski on the question of uniquewéhsut a loss in regularity.

The quasi-local model for black holes alluded to above iselitged in the context of the study of
marginally outer trapped tubes. This notion was introdusgddayward and subsequently developed by
Ashtekar and Krishnan. Significant recent mathematicakworthis area has been done by Andersson,
Dafermos, Galloway, Mars, Metzger, Schoen and Simon. NeldsPuch as Eichmair and Williams have
recently emerged into the field having done work in this area.

Global inequalities have played a large role in generatixétya going back at least as far as the proof the
positive mass theorem due to Schoen and Yau. An importaetrgkration of this was recently obtained via
the proofs of the Riemannian Penrose inequality due to ldnidkmanen and Bray. The long standing attempt
to generalize the notion of mass in relativity to one whicloally defined has seen new ideas introduced
due to the work of Shi and Tam and the subsequent results efdiuand Wang-Yau. Recognizing the need
for low regularity formulations of the fundamental quaiesitin relativity Huisken has recently developed
formulations of these global inequalities in terms of isgpaetric inequalities which hold in a very rough
setting.

The analysis of initial data sets and the implications of floir their spacetime developments has been
the subject of a great deal of recent attention. Many mattieat@evelopments in this area stem from the
introduction of gluing techniques from geometric analysi@orvino’s construction of vacuum spacetimes
which are Schwarzschild outside of a compact set, and tlemsixn of this method by Corvino-Schoen and
Chrusciel-Delay have had a significant impact. The contlinaof this with conformal gluing methods by
Chrusciel, Isenberg and Pollack have led to examples afuracspacetimes with no constant mean curvature
slices. Building on work of Holst, Nagy and Tsogtgerel, MafMhas very recently produced the first general
existence result for the vacuum constraint equations wattestrictions on the mean curvature. Nonetheless
the issue of understanding the basic questions of the akistend uniqueness for solutions of the Einstein
constraint equations remains largely open in general fbaimlata sets with arbitrary mean curvature.



3 Presentation Highlights

The talks for the meeting were solicited in two ways. The aigers asked all of the participants to send us a
titte and abstract if they wanted to give a talk. In additiom asked specific participants, whose recent work
was known to be of widespread interest, to give talks. Alltaag talks were scheduled for 50 minutes, to
allow sufficient time afterward for questions and discussiRather than fill every available slot with talks,
we made an effort to preserve a good deal of time for infornsdubsion and collaboration. This was very
successful and groups formed spontaneously in the leatora and lounge as well as in outdoor excursions
around BIRS.

One particularly successful aspect of the meeting wereniinefost-dinner talks which we arranged to be
given by Gerhard Huisken, Richard Schoen, Igor RodnianstiZhing-Tung Yau. These hour long talks by
well established leaders in the field were meant to introdlnedoackground and most recent developments
in primary and active areas of study within Geometric Analyand General Relativity. This led to four
wonderful talks, which were very much appreciated by altipgrants.

A summary of each of the talks given at the meeting follows.

Mihalis Dafermos: Superradiance, trapping, and decay faves on Kerr spacetimes in the general subex-
tremal casda| < M

Mihalis Dafermos spoke on his joint work with Igor Rodnianek boundedness and decay estimates
for the free scalar wave equation on the exterior Kerr sjraeet A proof of boundedness and decay for
the scalar wave equation on the Kerr exterior spacetime isyportant test case for the black hole stability
problem, a special case of which is the problem of non-lirstalpility in vacuum for the Kerr black hole
spacetime. The black hole stability problem is one of thetreéimpen mathematical problems motivated
general relativity. Recent work of Dafermos and RodnianEkiaru and collaborators as well as Andersson
and Blue has provided such estimates for the case of a slatimptKerr spacetime, i.ela] < M. This
case is characterised by the fact that superradiance caeated as a small parameter. In his talk, Dafermos
reported on his recent joint work with Rodnianski provingagin the general subextreme cage< M. Key
to this approach is the construction of distinct multipkstimates taylored to the superradiant and trapped
frequency ranges, respectively. The approach exploitaitiqular the insight that for the entire subextremal
range, superradiant frequencies are not trapped in thefilgighency limit.

Gustav Holzegel: Asymptotic behavior of spacetimes amtviog a Schwarzschild solution

In his talk, Gustav Holzegel considered the problem of prgyvgiven a vacuum spacetime which ap-
proaches a Schwarzschild solution, decay to the futurehispacetime curvature. In particular, assuming
decay of appropriate norms of the Ricci rotation coeffidesntd their derivatives, he proved boundedness
and decay for the curvature components and their deriwat&eme important difficulties arise from the fact
that not all curvature components decay. An important idigm in this work is to generalize recent work of
Dafermos and Rodnianski regarding decay for the wave emputidithe setting of the Bianchi equations.

Alan Rendall: Higher dimensional cosmological models

Alan Rendall presented some joint results with Arne Goeaeksolutions of the vacuum Einstein equa-
tions in dimensions greater than four. The central queslisnussed is whether spatially homogeneous
models which are forever expanding are geodesically campiethe future. This fact is known to hold in
four dimensions, but the proof does not directly generatzbe higher dimensional case. Rendall introduced
a sufficient condition for completeness and showed thatsaisfied in a class of models of dimension five
by means of Kaluza-Klein reduction. The talk was concludgd bliscussion of the prospects for obtaining
a more global understanding of this problem.



Hans Ringstdm: Models of the universe with arbitrary compact spatigdtogy

The current standard model of the universe is spatially lgemeous, isotropic and spatially flat. Fur-
thermore, the matter content is described by two perfeadlgidust and radiation) and there is a positive
cosmological constant. Such a model can be well approxuiiatea solution to the Einstein- Vlasov equa-
tions with a positive cosmological constant. Motivated hig bbservation, Hans Ringstrom has studied the
properties of cosmological models with Vlasov matter andsitive cosmological constants. The results
described in the talk included far-reaching statement$ierstability of such models, as well as a proof that
the assumption that the universe is close in our past to #relatd Friedmann model does not restrict the
spatial topology of the universe.

Shing-Tung Yau: Quasi-local mass in general relativity

Starting with a background for the notion energy and monaritugeneral relativity, Yau discussed his
approach to the problem of defining a quasi-local mass inrgénelativity, which has been developed in
collaboration with Mu-Tao Wang and Po-Ning Chen, based alieeavork of Shi and Tam, as well as Liu
and Yau. An important background to the definition of quasial mass introduced by Yau is the Brown-
York analysis of the boundary terms in in the gravitationagtangian. The above mentioned quasi-local
mass definitions all rely on an imbedding of a 2-sphere in eregfce space which gives a quasi-local mass
notion via the Brown-York analysis after making a gauge céoilhe novel idea in the approach of Wang and
Yau is to make use of an optimal imbedding of the 2-sphere imkblivski space. This essentially reduces the
gauge freedom in the definition of the quasi-local mass toaacehof a vector in the reference Minkowski
space, a notion related to a choice of observer. The talk @f\Wang gave further details of this construction.

Mu-Tao Wang: Limit of quasilocal mass and isometric embeglslinto Minkowski space

In his talk based on joint work with S.-T. Yau, Mu-Tao Wangatissed how the limit of quasilocal mass
on a family of surfaces in spacetime can be evaluated in tefii®e mean curvature vectors and showed that
this gives a uniform description of ADM mass and Bond massiymptotically flat and asymptotically null
spaces, respectively. He then explained how the relatadticaral problem for quasilocal mass anchors a
ground state as a hypersurface in Minkowski space.

Marcus Khuri: The Static Metric Extension Conjecture

There are several competing definitions of quasi-local nrasSeneral Relativity. A very promising
and natural candidate, proposed by R. Bartnik, seeks tdizecthe total or ADM mass. Fundamental to
understanding Bartniks construction is the question ofterice and uniqueness for a canonical geometric
boundary value problem associated with the static vacuumst&in equations. In his talk, Marcus Khuri
discussed joint work with Michael Anderson, which confirrhattexistence holds (under a nondegeneracy
condition) but also shows that uniqueness fails. He cormalny discussing the possible implications of this
result.

Marc Mars: The Bray and Khuri approach to the general Pennosguality in two particularly simple cases

Bray and Khuri have put forward an interesting new approaciddress the Penrose inequality for ar-
bitrary initial data sets. The two simplest possible situa where one can think of applying these results
involve spherically symmetric initial data and static iglidata. Restricting to the spherical case, Marc Mars
was able to extend previous results by Bray and Khuri whemthermost horizon is strictly stable and non-
minimal to the general case. For the static case, he shoveedhthre are slices of the Kruskal spacetime



with massm for which the outermost generalized apparent horizon hes strictly larger than6rm? and
presented a Penrose inequality for general static iniath dets satisfying the dominant energy condition,
provided the mean curvature of the degenerate compondisfiesaan integral inequality.

Frans Pretorius: The instability of 5-dimensional blackirsgs

5 dimensional black strings were shown to be unstable to-leaneelength perturbations by Gregory and
Laflamme. Entropy considerations imply the prefered eatesdf the unstable spacetime is a sequence of
black holes with spherical topology. For this to happenhilaek string event horizon would have to bifurcate,
accompanied by a naked singularity. This would be an exawfpdeneric violation of cosmic censorship
in 5 dimensional Einstein gravity. Frans Pretorius presgmécent numerical results, joint with L. Lehner,
which aim at illucidating the end-state of the Gregory-Laitae instability.

Piotr Chrusciel: 5-dimensional black holes

Piotr Chrusciel started by discussing the current statusimueness results for 3+1 stationary electro-
vac black hole spacetimes. He then gave a review of some thifilmensional black hole spacetimes and
our knowledge of their global structures, including thob&lgers-Perry (generalization of Kerr), Emparan-
Reall and Pomeransky-Senkov (black ring) and Elvang-FagiéBlack Saturn). He then reported on recent
work, joint with Cortier and Garcia-Parrado, and with Eelistand Szybka on the global properties of higher
dimensional black hole spacetimes. In particular, thiskngirows that the Pomeransky-Senkov and Black
Saturn spacetimes are singularity-free in the exteriohefttorizon, and gives an analytical extension which
is a candidate for a maximal extension.

Gerhard Huisken: Foliations, flows and rigidity in asymtatly flat 3-manifolds

The talk of Gerhard Huisken was centered around the inveesmnourvature flow, the mean curva-
ture flow and their role in proving geometric inequalitiegdlving such notions as the isoperimetric ratio,
quasi-local mass (eg. Geroch or Hawking mass) and the ADMsmefned at infinity. The just mentioned
geometric flows define canonical foliations in 3-manifold#hwinteresting monotonicity properties which
play a central role in the proofs of geometric inequalitidsprime example of such an application is the
proof by Huisken and Illmanen of the Riemannian Penroseuialiy.

David Maxwell: The Conformal Method and Concrete Examples

Recent advances by Holst, et. al and Maxwell concerningghéocmal method and non-CMC initial data
might have led an optimist to conjecture that the conformethad could be just as effective for constructing
non-CMC data as it is in the CMC case. In his talk, David Maxwdédcussed some concrete examples
that indicate that this is not true. He showed that for certansonable conformal data violating a near-
CMC condition there cannot be a unique solution: there ateeeino solutions or more than one. For
some examples, he was able to establish that there exidgphawdblutions. These concrete examples are
independently interesting as they exhibit a number of neenpmena for the conformal method, including
existence of certain solutions under a very weak near-CM@btheses, explicit dependence on the choice
of conformal class representative, and extreme sengitifithe solution theory with respect to a coupling
constant in the Einstein constraints.

Hubert Bray: On Dark Matter, Spiral Galaxies, and the Axioofi$seneral Relativity

Hubert Bray introduced geometric axioms for the metric dmeldonnection of a spacetime where the
gravitational influence of the connection may be intergtete dark matter. In particular he showed how



these axioms lead to the Einstein-Klein-Gordon equatioitis & cosmological constant, where the scalar
field of the Klein-Gordon equation represents the deviatibthe connection from the standard Levi-Civita
connection on the tangent bundle and is interpreted as dattem This form of dark matter is compatible
with the CDM cosmological model of the universe. In additiomlike the WIMP model of dark matter,
this dark matter is automatically cold (as is observed) imabgeneous, isotropic universe. He concluded
by showing how this scalar field dark matter, which naturédisms dark matter density waves due to its
wave nature, may cause the observed barred spiral pattesitydesaves in many disk galaxies and triaxial
shapes with plausible brightness profiles in many elliptigdaxies. If correct, this would provide a unified
explanation for spirals and bars in spiral galaxies andHerlirightness profiles of elliptical galaxies. The
results of preliminary computer simulations were shown espared with photos of actual galaxies.

Richard Schoen: Singularities in positive mass arguments

Richard Schoen discussed the obstructions to provingipesitass theorems in the presence of singu-
larities. There have been a few instances when singukatiige been shown to be allowable, but there is no
comprehensive characterization of them.

Spyridon Alexakis: On the black hole uniqueness problem

The classical uniqueness theorem for stationary blackspdeetimes due to Carter and Robinson relies
on the existence of a second, rotational, Killing field. A staction by Hawking yields such a Killing field
under the assumption that the spacetime is analytic. Hayewél recently the existence of the Hawking
Killing field for stationary black hole spacetimes contaimia bifurcate Killing horizon has been open. In
recent joint work with lonescu and Klainerman, Alexakis katablished the existence of a Hawking Killing
field without assuming analyticity. The current versiontad black hole uniqueness theorem requires a small-
ness assumption and is therefore valid only for spacetitose cin a certain sense, to the Kerr spacetime.
One of the main ideas in the proof is the use of an inequalitgafeman type to prove a uniqueness result
for a wave equation on the exterior of the horizon, given dattghe horizon.

Sergio Dain: Linear perturbations and mass conservatiagrafdsymmetric Einstein equations

In axial symmetry, there exists a gauge for Einstein eqonatguch that the total mass of the spacetime
can be written as a conserved, positive definite, integrétheispacelike slices. This property can be expected
to play an important role in the global evolution. In this gauhe equations reduce to a coupled hyperbolic-
elliptic system which is formally singular at the axis. Doethis singular behavior, the local in time existence
of this system can not be analyzed by standard methods. talkjdased on joint work with Martin Reiris,
Sergio Dain studied the linear perturbation of the flat soluin this gauge (with the purpose of analyzing
the principal part of the equations, which represents thia s@urce of the difficulties), and proved existence
and uniqueness of solutions of this singular linear syst&ire solutions are obtained in terms of integral
transformations in a remarkable simple form. This repregém is suitable for proving useful estimates for
the non-linear case. This result is expected open the dabetstudy of the full Einstein equations in this
gauge.

Lydia Bieri: Null Asymptotics of Solutions of the Einstdéiaxwell Equations in General Relativity and
Gravitational Radiation

A major goal of mathematical general relativity and astiygits is to precisely describe and finally
observe gravitational radiation, one of the predictiongefieral relativity. In order to do so, one has to
study the null asymptotic limits of the spacetimes for tgbisources, including binary neutron stars and
binary black hole mergers. In these processes typicallysraag momenta are radiated away in form of



gravitational waves. Demetrios Christodoulou showed évaty gravitational-wave burst has a nonlinear
memory. In her talk, Lydia Bieri discussed the null asymigtofor spacetimes solving the Einstein-Maxwell
equations, computed the radiated energy, and derive lahitsill infinity. These limits were compared with
the Einstein vacuum case. The methods used were introdnded works of Christodoulou, Klainerman,
Bieri and Zipser.

Pieter Blue: Hidden symmetries and decay for the wave eguoatitside a Kerr black hole

The Kerr solutions to Einstein’s equations describe rotphilack holes. For the wave equation in flat-
space and outside the non-rotating, Schwarzschild blaldshone method for proving decay is the vector-
field method, which uses the energy-momentum tensor andrields. Outside the Schwarzschild black
hole, a key intermediate step in proving decay involved prpa Morawetz estimate using a vector-field
which pointed away from the photon sphere, where null geogesbit the black hole. Outside the Kerr black
hole, the photon orbits have a more complicated structuieteiPBlue, in a talk based on joint work with
Lars Andersson, showed that by using the hidden symmetryeaf, i is possible to replace the Morawetz
vector-field by a fifth-order operator which, in an approfgrisense, points away from the photon orbits. This
allows one to prove the necessary Morawetz estimate, alBa@local energy decay estimate, which is a
key step in proving pointwise decay estimates.

Igor Rodnianski: On formation of trapped surfaces

Igor Rodnianski discussed joint work with Sergiu Klainermahich extends and refines the results of
Demetrios Christodoulou on the formation of trapped sw@$adue to the concentration of radiation. The
result of Christodoulou shows that the existence of sufittyestrong pulses of radiation, entering from a
finite interval of retarded time on past null infinity, resuib the formation of a trapped surface. The proof
requires the incoming pulse of radiation to be highly ispito One of the new features of the work of
Klainerman and Rodnianski is that it handles the situatitvene the incoming radiation is anisotropic. In
particular, conditions are given where an incoming pulggsuted in only a part of the cross-sections of past
null infinity can be shown to form a spacetime containing apead surface and more generally a “scarred
surface”. This work may be expected to be relevant to undedstg break-down phenomena for solutions
of the Einstein equations with low regularity.

Michael Eichmair: Some old and some new results on MOTS amgiJaquation

In this talk, Michael Eichmair presented a synthetic ovemwof the geometric theory of Jang’s equation,
pioneered by R. Schoen and S.-T. Yau in their proof of theefjrae positive energy theorem, and its recent
application to the existence theory of marginally outepped surfaces in initial data sets by L. Andersson,
J. Metzger, and himself. He discussed recent joint work W@itMetzger on the mixed blow up behavior
of Jang’s equation in certain exterior domains of initiatadaets. These results are akin to the classical
Jenkins-Serrin-Spruck theory for minimal and constantm@avature graphs.



